Abstract. We study Z-graded modules of nonzero level with arbitrary weight multiplicities over Heisenberg Lie algebras and the associated generalized loop modules over affine Kac-Moody Lie algebras. We construct new families of such irreducible modules over Heisenberg Lie algebras. Our main result establishes the irreducibility of the corresponding generalized loop modules providing an explicit construction of many new examples of irreducible modules for affine Lie algebras. In particular, to any function ϕ : N → {±} we associate a ϕ-highest weight module over the Heisenberg Lie algebra and a ϕ-imaginary Verma module over the affine Lie algebra. We show that any ϕ-imaginary Verma module of nonzero level is irreducible.
Introduction
Affine Lie algebras are the most studied among the infinite-dimensional Kac-Moody Lie algebras and have widespread applications. Their representation theory is far richer than that of finite-dimensional simple Lie algebras. In particular, affine Lie algebras have irreducible modules containing both finite-and infinite-dimensional weight spaces, something that cannot happen in the finite-dimensional setting. These representations arise from taking non-standard partitions of the root system; that is, partitions which are not equivalent under the Weyl group to the standard partition into positive and negative roots (see [DFG] ). For affine Lie algebras, there are always only finitely many equivalence classes of such nonstandard partitions (see [F4] ). Corresponding to each partition is a Borel subalgebra, and one can form representations induced from one-dimensional modules for these Borel subalgebras. These modules, often referred to as Verma-type modules, were first studied by Jakobsen and Kac [JK] , and by Futorny [F3, F4] . Results on the structure of Verma-type modules can also be found in ( [Co, F1, FS] ).
Let g be an affine Lie algebra, h its standard Cartan subalgebra, and z = Cc its center, where c is the canonical central element. Let V be a weight g-module, that is, V = µ∈h * V µ , where V µ = {v ∈ V | hv = µ(h)v for all h ∈ h}. If V is irreducible, then c acts as a scalar on V called the level of V. The theory of Verma-type modules is best developed in the case when the level is nonzero [F4] . For example, the so-called imaginary Verma modules induced from the natural Borel subalgebra are always irreducible when the level is nonzero ( [JK] , [F2] ).
The classification of irreducible modules is known only for modules with finite-dimensional weight spaces (see [FT] ) and for certain subcategories of induced modules with some infinite-dimensional weight spaces (see for example, [F3] , [FKM] , [FK] ). Our main goal is to go beyond the modules with finite-dimensional weight spaces and to construct new irreducible modules of nonzero level with infinite-dimensional weight spaces. Examples of such modules have been constructed previously by Chari and Pressley in [CP] as the tensor product of highest and lowest weight modules.
Here we consider different Borel-type subalgebras that do not correspond to partitions of the root system of g. Such a subalgebra is determined by a function ϕ : N → {±} on the set N of positive integers, and so is denoted b ϕ . The subalgebra b ϕ gives rise to a class of g-modules called ϕ-imaginary Verma modules. These modules can be viewed as induced from ϕ-highest weight modules over the Heisenberg subalgebra of g. This construction is similar to the construction of imaginary Whittaker modules in [Ch] , but unlike the modules in [Ch] , our modules over the Heisenberg subalgebra are Z-graded. If ϕ(n) = + for all n ∈ N, then b ϕ is the natural Borel subalgebra of g.
We establish a criterion for the irreducibility of ϕ-imaginary Verma modules. It comes as no surprise that any such module is irreducible if and only if it has a nonzero level.
Next we consider the classification problem for irreducible Z-graded modules for the Heisenberg subalgebra of g. The ones of level zero were determined by Chari [C] . Any such module of nonzero level with a Z-grading has all its graded components infinitedimensional by [F1] ; otherwise, it is a highest weight module. We classify all admissible diagonal Z-graded irreducible modules of nonzero level for an arbitrary infinite-dimensional Heisenberg Lie algebra. Since the Z-graded components of a module are not assumed to be finite-dimensional the restriction on a module to be diagonal is natural. We show that these modules have a Z ∞ -gradation and can be obtained from weight modules over an associated Weyl algebra as in [BBF] by compression of the gradation.
The restriction on a module to be admissible leads to an equivalence between the category of admissible diagonal Z-graded modules for Heisenberg Lie algebras and the category of admissible weight modules for the Weyl algebra A ∞ [BBF] . Examples of such modules were considered earlier by Casati [Ca] , where they were constructed by means of an action of differential operators on a space of polynomials in infinitely many variables (compare Theorem 4.21 below). Examples of non-admissible diagonal Z-graded irreducible modules were constructed in [MZ] .
We use parabolic induction to construct generalized loop modules for the affine Lie algebra g. The modules are induced from an arbitrary irreducible Z-graded module of nonzero level for the Heisenberg subalgebra of g. This construction extends Chari's construction to the nonzero level case. Our main result establishes the irreducibility of any generalized loop module induced from a diagonal irreducible module of nonzero level for the Heisenberg subalgebra. By this process, we obtain new families of irreducible modules of nonzero level for any affine Lie algebra. The irreducible modules constructed in [Ca] are "dense" in the sense that they have the maximal possible set of weights and hence are different from the ones studied here.
It should be noted that all results in our paper hold for both the untwisted and twisted affine Lie algebras.
The structure of the paper is as follows. In Section 3, we construct ϕ-imaginary Verma modules for affine Lie algebras for any function ϕ : N → {±}, and establish a criterion for their irreducibility in Theorem 3.5. In Section 4, we consider various types of modules (torsion, locally-finite, diagonal, and admissible) for the Heisenberg algebra. Theorems 4.5 and 4.15 (see Corollary 4.16) provide the classification of all irreducible Z-graded admissible diagonal modules of nonzero level for the Heisenberg algebra. Finally, in Section 5, we introduce generalized loop modules for affine Lie algebras and study their structure. These modules are induced from finitely generated Z-graded irreducible diagonal modules over the Heisenberg subalgebra of g. Our main result is Theorem 5.6 which establishes the irreducibility of any generalized loop module induced from such an irreducible diagonal module of nonzero level for the Heisenberg subalgebra. Hence, we develop a method for constructing new irreducible modules for affine Lie algebras starting from an irreducible diagonal module over the Heisenberg subalgebra. In general, these modules cannot be obtained by the pseudo-parabolic induction method considered in [FK] .
Preliminaries
Let g denote an affine Lie algebra over the complex numbers C. Associated to g is a finite-dimensional simple Lie subalgebraġ with Cartan subalgebraḣ and root system∆. There are elements c, d of g (the canonical central element c and the degree derivation d) so that h =ḣ ⊕ Cc ⊕ Cd is a Cartan subalgebra of g, and z = Cc is the center of g. The algebra g has a root space decomposition
is the root system of g. Let∆ =∆ + ∪∆ − be a decomposition of the corresponding finite root system∆ ofġ into positive and negative roots relative to a base Π of simple roots. When there are two root lengths, let∆ l and∆ s denote the long and short roots in∆ respectively. The root system ∆ of g has a natural partition into positive and negative roots, ∆ = ∆ + ∪ ∆ − , where 
2ℓ type. We refer to [K] for basic results on Kac-Moody theory and for the notation used in (2.1). A subset S of ∆ affords a partition of ∆ if S ∪ (−S) = ∆ and S ∩ (−S) = ∅. A partition ∆ = S∪(−S) is said to be closed if whenever α and β are in S and α+β ∈ ∆, then α+β ∈ S. For any S giving a closed partition of ∆, the spaces g S = α∈S g α and g −S = α∈−S g α are subalgebras of g, and g = g −S ⊕ h ⊕ g S is a triangular decomposition of g.
A weight module V with respect to h has a decomposition V = λ∈h * V λ , where V λ = {v ∈ V | hv = λ(h)v for all h ∈ h}, and we say that the set of weights of V is the support of V and write supp(V) = {λ ∈ h * | V λ = 0}.
2.1. Imaginary Verma modules. Let ∆ = S∪(−S) denote a closed partition of ∆. By the Poincaré-Birkhoff-Witt theorem, the triangular decomposition g = g −S ⊕ h ⊕ g S of g afforded by S determines a triangular decomposition of the universal enveloping algebra U(g) of g given by U(g) = U(g −S ) ⊗ U(h) ⊗ U(g S ). Let b S = h ⊕ g S be the associated Borel subalgebra. Any λ ∈ h * extends to an algebra homomorphism (also denoted by λ) on the enveloping algebras U(h) and U(b S ) with zero values on g S . Corresponding to any such λ is a one-dimensional U(b S )-module Cv with xv = λ(x)v for all x ∈ U(b S ). The induced module
is a Verma type module as defined in [Co] and [FS] . The canonical central element c acts by multiplication by the scalar λ(c) on M S (λ), and we say that λ(c) is the level of M S (λ).
When S = ∆ + , the module M S (λ) is an imaginary Verma module. It was shown in [F2] that the imaginary Verma module M S (λ) is irreducible if and only if λ(c) = 0.
3. Verma modules corresponding to the map ϕ 3.1. ϕ-Verma modules for the Heisenberg subalgebra.
The subspace L := Cc ⊕ n∈Z\{0} g nδ forms a Heisenberg Lie subalgebra of the affine algebra g. Thus, [x, y] = ξ(x, y)c for all x ∈ g mδ , y ∈ g nδ , where ξ(x, y) is a certain skew-symmetric bilinear form with ξ(g mδ , g nδ ) = 0 if n = −m, and whose restriction to g mδ × g −mδ is nondegenerate for all m = 0. The algebra L has a triangular decomposition
are abelian subalgebras of L, and
+ , and this is just the triangular decomposition above.
Let Cv be a one-dimensional representation of Cc ⊕ L + ϕ , where cv = av for some a ∈ C and L + ϕ v = 0. The corresponding ϕ-Verma module is the induced module
)-module of rank 1 generated by the vector 1 ⊗ v. When ϕ(n) = + for all n ∈ N, then M ϕ (a) is just the usual Verma module for the Heisenberg Lie algebra L. Note that if ϕ 1 = ϕ 2 then M ϕ 1 (a) and M ϕ 2 (a) are not isomorphic.
Remark 3.1. Let S = ∆ + and consider the imaginary Verma module M S (λ) where λ ∈ h * . This module has both finite-and infinite-dimensional weight spaces relative to h. By [F2] , the sum of the finite-dimensional weight spaces in M S (λ) is the Verma module M ϕ (λ(c)) for the Heisenberg subalgebra L, where ϕ is the function with ϕ(n) = + for all n ∈ N.
Since U(L) has a natural Z-gradation, we obtain for an arbitrary function ϕ the following:
Proof. Suppose n ∈ Z ≥0 and set M = M ϕ (a). If ϕ(1) = −, then there is some r ∈ N so that ϕ(r) = +. Let x ∈ L δ and y ∈ L −rδ be nonzero. Since the vectors x n+kr y k v ∈ M n are linearly independent for all k ≥ 0, we have that M n is infinite dimensional. Similarly, the vectors x (rk−1)n y kn v ∈ M −n are linearly independent for all k ≥ 1, so that M −n is infinite dimensional as well. The argument when ϕ(1) = + is analogous. 
Since a = 0, this implies that the submodule generated by w contains v and so is all of M ϕ (a). But w was an arbitrary nonzero element, so M ϕ (a) is irreducible in this case.
3.2. ϕ-imaginary Verma modules for g. For ϕ : N → {±}, next we construct a gmodule containing a submodule for the Heisenberg subalgebra L isomorphic to M ϕ (a). Let λ ∈ h * and assume λ(c) = a. For
+ is as in (2.1), the spaces g Sϕ = α∈Sϕ g α and g −Sϕ = α∈−Sϕ g α are subalgebras of g affording a triangular decomposition g = g −Sϕ ⊕ h ⊕ g Sϕ of g. Let b ϕ = h ⊕ g Sϕ be the Borel subalgebra corresponding to S ϕ , and observe that b ϕ ⊃ Cc ⊕ L + ϕ . Let Cv λ be a one-dimensional module for b ϕ with g Sϕ v λ = 0 and hv λ = λ(h)v λ for all h ∈ h.
We say that the g-module
is a ϕ-imaginary Verma module. We identify 1 ⊗v λ with v λ . The U(L)-submodule of M ϕ (λ) generated by v λ is isomorphic to M ϕ (a). If ϕ(n) = + for all n, then M ϕ (λ) coincides with the imaginary Verma module M S (λ) above with S = ∆ + .
In the proposition below we collect some basic statements about the structure of M ϕ (λ). The proofs are similar to the proofs of corresponding properties for the imaginary Verma modules in [F2, Props. 3.4 and 5.3] and so are omitted.
Proposition 3.4. Let λ ∈ h * and assume λ(c) = a. If a = 0, then M ϕ (λ) has the following properties.
• M ϕ (λ) is a free U(g −Sϕ )-module of rank 1.
• M ϕ (λ) has a unique maximal submodule and hence a unique irreducible quotient.
• supp (M ϕ (λ)) = β∈Q + {λ − β + nδ | n ∈ Z}, whereQ + is the free abelian monoid generated by all the simple roots in the base Π of∆ + (In the A
2ℓ -case,Q + is the free abelian group generated by the simple roots α ∈ (∆ s ) + and by the
We have the following irreducibility criterion for the modules M ϕ (λ).
This theorem will be proved in Section 5.1 as a particular case of the main result (see Corollary 5.7).
Z-graded modules for Heisenberg algebras
In this section we consider Z-graded modules for the Heisenberg subalgebra L with nonzero action of the central element c. To simplify the exposition, we will assume we have an infinite-dimensional Heisenberg Lie algebra H = Cc ⊕ i∈Z\{0} Ce i , where [e i , e j ] = δ i,−j c, and [e j , c] = 0 for all i ≥ 1 and all j. The case of the Heisenberg subalgebra L can easily be reduced to H by choosing an orthogonal basis in each root space g kδ and a dual basis in g −kδ for each k ≥ 1.
Let K denote the category of all Z-graded H-modules V such that V = j∈Z V j and e i V j ⊆ V i+j . The irreducible modules in K on which c acts as zero (which we say have zero level) have been classified by Chari in [C] . Irreducible modules with nonzero level, but with 0 < dim C V j < ∞ for at least one j have been described in [F3] .
Definition 4.1. Let V be a module for the Heisenberg Lie algebra H. Then we say (a) V has i-torsion if e i e −i has an eigenvector in V; (b) V is a torsion module if V has i-torsion for all i ∈ Z \ {0};
(c) V is torsion free if it has no i-torsion for any i;
Clearly, diagonal and locally finite H-modules are torsion modules.
Lemma 4.2. Let V be an H-module such that c acts by the nonzero scalar a on V, and assume w ∈ V is an eigenvector for e j e −j with eigenvalue λ and for e i e −i with eigenvalue µ for some i = ±j. Then e r j w and e s −j w are eigenvectors for e j e −j with eigenvalues λ − ra and λ + sa respectively, and they are eigenvectors for e i e −i corresponding to eigenvalue µ.
Proof. The Heisenberg relations imply for r, s ≥ 1 that Proposition 4.4. Let V be an irreducible H-module with a scalar action of c.
• If V has i-torsion, then V has a countable basis which consists of eigenvectors of e i e −i , that is, e i e −i is diagonalizable on V.
• If V is a torsion module, then V is locally finite.
• If V is diagonal, then the e i e −i are simultaneously diagonalizable on V for all i ∈ Z \ {0}.
• If V is a diagonal module, then V is locally finite.
Proof. When V is irreducible, it is spanned by elements of the form e j 1 e j 2 . . . e j k v, where v = 0 is an eigenvector of e i e −i . The first statement is obvious if the action of c is zero, and it follows from Lemma 4.2 if the action of c is nonzero. For the second part, suppose V is a torsion module for H. Given i, choose a basis of V consisting of eigenvectors of
, and hence V is locally finite. Assume next that V is a diagonal H-module, and choose a common eigenvector v of all the X i . Then V has a spanning set consisting of vectors of the form e j 1 e j 2 . . . e j k v, and applying Lemma 4.2 as before, we conclude that the X i are simultaneously diagonalizable on V for all i. The last statement also follows immediately.
Next we consider Z ∞ -graded H-modules V. By that we mean V = k ∈Z ∞ Vk where if Vk = 0, thenk = (k 1 , k 2 , . . . , ), k i ∈ Z, and k N = 0 for all N >> 0. Moreover, we require that e ±j Vk ⊆ Vk ±ζ j holds for all j ∈ Z andk ∈ Z ∞ . Here ζ j ∈ Z ∞ is the Kronecker multi-index with 1 at the jth place and 0 elsewhere. Proof. Let V = ∞ n=0 V n be a Z-graded irreducible diagonal H-module with c acting by the scalar a = 0. Then all e j e −j are simultaneously diagonalizable on V by Proposition 4.4. In particular, all the homogeneous spaces V n have a basis consisting of common eigenvectors for the elements e j e −j , j ∈ Z \ {0}. For some n, choose 0 = w ∈ V n , a common eigenvector for all e j e −j , j ∈ Z \ {0}. Let H(j) be the Heisenberg subalgebra generated by e j , e −j for each j. Then by (4.3), U(H(j))w is spanned by the vectors e 
The sum is direct, since by Lemma 4.2, the eigenvalues of the e j e −j are sufficient to distinguish them. Note that all components Vk are at most one-dimensional and that V remains irreducible as Z ∞ -graded module.
Irreducible diagonal modules over Heisenberg algebras.
Let H be a Heisenberg algebra as in Section 4. Denote by K H,a the category of all finitely-generated Z-graded diagonal H-modules V, where the central element c of H acts by the scalar a ∈ C. By ZK H,a we denote the category of all finitely-generated Z ∞ -graded H-modules V with c acting by a. Theorem 4.5 implies that any irreducible module in K H,a belongs to ZK H,a . Therefore, to classify irreducible modules in K H,a it is sufficient to classify irreducible diagonal modules in ZK H,a .
Denote by WZK H,a the full subcategory of ZK H,a consisting of all finitely-generated H-modules on which e i e −i is diagonalizable for all i ∈ Z \ {0} (with a countable basis of eigenvectors). Note that by Proposition 4.4 any irreducible object of K H,a belongs to WZK H,a .
Let V ∈ K H,a and V = n∈Z V n . We may assume that the generators of V are homogeneous (say in the spaces V n i for i = 1, . . . , s) and are common eigenvectors for e j e −j , j ∈ Z \ {0}. The module V is spanned by the vectors ∞ j=1 y |k j | j w, where w ∈ V n i is a generator which is a common eigenvector for the e j e −j for all j; y j = e j if k j ≥ 0 and y j = e −j if k j < 0; and k N = 0 for N >> 0. We assign to such a vector ∞ j=1 y |k j | j w the gradation n i ζ 1 +k ∈ Z ∞ , where ζ 1 has 1 in the first position and 0 elsewhere. This makes V into a Z ∞ -graded module. Denote this Z ∞ -graded module by F 1 (V). Note that F 1 is not well defined as a functor from K H,a to WZK H,a since it depends on a choice of generators in each V.
On the other hand, consider any M ∈ WZK H,a , M = k ∈Z ∞ Mk. Now define a Z-grading on M as follows: for any n ∈ Z, set M n = k Mk, where the sum is overk = (k 1 , k 2 , . . .) ∈ Z ∞ , such that ∞ j=1 k j j = n. Denote this Z-graded module by F 2 (M). Hence we obtain a functor F 2 : WZK H,a → K H,a . Note also that F 2 preserves irreducibility.
Weight modules for Weyl algebras.
Fix a nonzero a ∈ C. For n = 1, 2, . . . , consider the n-th Weyl algebra A n with generators x i , ∂ i , i = 1, . . . , n, and defining relations [∂ i , ∂ j ] = 0 = [x i , x j ] and [∂ i , x j ] = δ i,j a1. The algebra A n is isomorphic to the tensor product of n copies of the first Weyl algebra A 1 , which is the associative algebra of differential operators on the affine line. We allow n to be ∞, in which case A ∞ is just the direct limit of the algebras A n .
We will classify irreducible modules in K H,a using the classification of irreducible weight A ∞ -modules. By specializing c to a and identifying ∂ i with e i and x i with e −i for all i > 0 (after a suitable normalization), we obtain an isomorphism of the universal enveloping algebra of H modulo the ideal generated by c − a with A ∞ . Hence, any irreducible module V ∈ K H,a becomes a module for A ∞ .
Set [n] = {1, 2, . . . , n} (where n = ∞ is allowed and [∞] = N). In A n , the elements
, which is a maximal commutative subalgebra of A n . Denote by G the group generated by the automorphisms σ i , i ∈ [n], of D, where σ i (t j ) = t j − δ i,j a1. Then G acts on the set maxD of maximal ideals of D.
A module V for A n is said to be a weight module if V = m∈maxD V m , where V m = {v ∈ V | mv = 0} (see [DGO] , [BB] , and [BBF] ).
If V is a weight module and V m = 0 for m ∈ maxD, then m is said to be a weight of V, and the set {m ∈ maxD | V m = 0} of weights of V is the support of V. It follows easily from the fact that
Each weight module V can be decomposed into a direct sum of A n -submodules:
where O runs over the orbits of G on maxD. In particular, if V is irreducible, then its support belongs to a single orbit. Following [BBF] , we say that a maximal ideal m of D is a break with respect to i ∈ [n] if t i ∈ m. We let I(m) denote the set of breaks of m. An orbit O is degenerate with respect to i if i ∈ I(m) for some m ∈ O. Often we simply say O is degenerate without specifying i or m. When I(m) = ∅ for all m ∈ O, then O is said to be nondegenerate.
A maximal ideal m of D is a maximal break with respect to I ⊆ [n] if t i ∈ m for each i ∈ I, and t j ∈ τ (m) for each j ∈ I c := [n] \ I and each τ ∈ G. The order of the maximal break is the cardinality of I, which may be infinite.
We will always assume that a degenerate orbit O for A n has a maximal break m. The only time this assumption is necessary is when n = ∞ (see [BBF, Lem. 2.5] ). We say that an A n -module is admissible if its weights belong to either a nondegenerate orbit or a degenerate orbit O with a maximal break.
The classification of irreducible admissible weight A n -modules was obtained in [BB] , and in [BBF] for the case n = ∞. We briefly recall this classification for the sake of completeness.
For a given orbit O, we define the set B O as follows. If O is nondegenerate, then any maximal ideal gives a maximal break with respect to the empty subset of [n] . We fix a choice of a maximal ideal m in O, and set B O = {m} and O m = O. In this case I(m) = ∅, since there are no breaks. Now let O be a degenerate orbit, and assume m is a fixed maximal break in O. Let I = I(m) be the set of breaks for m. Define (4.6)
, and only finitely many δ j = 0 .
The σ i commute, so the product is well-defined.
where only finitely many γ j are nonzero. Suppose first that O is a nondegenerate orbit of G on max D. Set A = A n and (4.8)
and define a left A-module structure on S(O) by specifying for i ∈ [n] and d ∈ D that (4.9) Let W(A n ) be the category of all finitely generated admissible weight A n -modules, n ≤ ∞, and let H n denote the (2n + 1)-dimensional Heisenberg Lie algebra with basis c, e i , e −i , i ∈ [n] (where n = ∞ is allowed, [∞] = N, and H ∞ = H). Then we immediately have the following.
Corollary 4.12. Suppose a = 0.
• Every irreducible module of the category K Hn,a is isomorphic (up to an automorphism of H n ) to an irreducible module in W(A n ) for any n < ∞.
• Every irreducible module of the category W(A n ) is isomorphic (up to an automorphism of H n ) to an irreducible module in K Hn,a for any n.
Note that K H,a contains irreducible modules which are non-admissible weight modules over A ∞ . The first such examples were constructed in [MZ] .
We say that V is admissible if every totally ordered subset of Ω (under containment of subsets) has an upper bound. Denote by AK H,a (respectively AZK H,a ) the full subcategory of K H,a (respectively WZK H,a ) consisting of admissible modules. Let AK Hn,a , AZK Hn,a , and WZK Hn,a be defined similarly for n ∈ N. Then we have Corollary 4.13. Assume a = 0. Every irreducible module in the category AK Hn,a is isomorphic (up to an automorphism of H n ) to an irreducible module in W(A n ) for any n ≥ 1.
Example 4.14. To illustrate Corollary 4.13, suppose O is nondegenerate, and m is the designated maximal ideal of O. Consider the irreducible weight module for
where
where only finitely many η j are nonzero. The homogeneous space S 0 (O) = D/m.
As a consequence of Corollary 4.13 we have the following stronger version of Theorem 4.5.
Theorem 4.15. For nonzero a ∈ C, there is one-to-one correspondence between the isomorphism classes of irreducible modules in the categories AK H,a , AZK H,a and W(A ∞ ).
Combining Theorem 4.15 and Theorem 4.11, we obtain the classification of irreducible modules in AK H,a . 4.3. Irreducible locally-finite modules over L. Now consider the Heisenberg subalgebra L = Cc ⊕ k =0 g kδ of the affine Lie algebra g. For each k ∈ Z, k = 0, assume
Then for every i and k, the elements x k,i and x −k,i generate a Lie subalgebra isomorphic H 1 .
We will consider Z-graded L-modules V = j∈Z V j where g kδ V j ⊆ V k+j for all k and j. One can easily extend Definition 4.1 to the algebra L substituting basis elements {e ℓ } by {x k,i }.
Fix a ∈ C\{0}. Let K L,a be the category of all Z-graded diagonal L-modules V where the central element c of L acts by the scalar a ∈ C. Similarly one defines categories AK L,a and AZK L,a . Clearly, all statements from the previous sections can be generalized to the setup of the Heisenberg algebra L. In particular, there exists the Weyl algebraÃ, generalizing A ∞ , which takes into account the dimensions of the spaces g kδ . Then Theorem 4.15 has the following straightforward generalization for L.
Corollary 4.16. For a ∈ C \ {0}, there is one-to-one correspondence between the isomorphism classes of irreducible modules in the categories AK L,a , AZK L,a and W(Ã).
Example 4.17. Let a ∈ C \ {0} and ϕ : N → {±} be any function. Then the ϕ-Verma module M ϕ (a) is an irreducible object in the categories K L,a and AZK L,a . If ϕ(k) = + and ϕ(ℓ) = − for some k, ℓ ∈ N, then all the homogeneous components of M ϕ (a) in the Z-grading are nonzero and infinite dimensional.
4.4.φ-imaginary Verma modules for g. We will generalize the construction of the ϕ-Verma modules for L as follows. Set
Consider a functionφ : J → {±}, and define Lie subalgebras L For any such functionφ and any λ ∈ h * with λ(c) = a, one can construct theφ-imaginary Verma module Mφ(λ) over g generalizing the construction of M ϕ (λ) in the case of the function ϕ : N → {±}: This theorem also will be proved in Section 5.1 as a particular case of the main result (see Corollary 5.7).
4.5. Realization of locally-finite modules.
Locally-finite L-modules have also been considered by Casati [Ca] . Following Casati's work we will construct realizations of irreducible locally-finite L-modules.
Then it is easy to verify that the following formulas define a representation of A = A ∞ on V:
This module is isomorphic to the universal module V K over A generated by a vacuum vector v, where
Clearly, this module is not irreducible. Now for each k ∈ K, fix ϑ k ∈ C, and let ϑ = {ϑ k | k ∈ K}. Then we can construct the following quotient of V K . Let B K,ϑ denote the left ideal of A generated by the elements ∂ i , i ∈ N \ K, and x k ∂ k − ϑ k , k ∈ K, and denote the quotient by V K,ϑ = A/B K,ϑ .
Suppose that ϑ k ∈ C \ Z for all k ∈ K. In this case, ∂ k and x i act injectively on V K,ϑ for all k ∈ K and all i ∈ N. Let A(i) denote the rank one Weyl algebra generated by ∂ i and x i . Using the irreducibility of the Verma module over A(i) generated by a vacuum vector v such that ∂ i v = 0, we conclude that V K,ϑ is an irreducible A-module.
This construction can be generalized to the Heisenberg algebra L. In doing this, we will adopt the notation from Section 4.3. Then an irreducible L-module V is diagonal if the elements
Fix a nonzero a ∈ C, and take 
2,1 y
1,1 v with exponents p k,j ∈ N ∪ {0} for all k, j and only finitely many of them nonzero form a basis for M.
Generalized loop modules
In this section, we study modules over the affine Lie algebra g induced from modules in the category K L,a via a construction analogous to that of the loop modules in [C] . Let S denote the set given by S = R ∪ {nδ | n ∈ Z \ {0}}. where R = ∆ re + , the positive real roots as in (2.1). Set P = h ⊕ g S , where g S = β∈S g β . Then P = (h + L) ⊕ g R , where g R = β∈R g β , and P is a parabolic subalgebra of g with Levi factor h + L.
Let V ∈ K L,a , V = k∈Z V k , and assume a = 0. Suppose λ ∈ h * is such that λ(c) = a. Extend the module structure to P by setting g R V = 0, and hv = λ(h)v for any v ∈ V 0 and any h ∈ h. Here V 0 is the 0-component of V in the Z-grading. The action of h on the other components of V in the Z-grading differs only in the value of the degree derivation; that is, for any w ∈ V k , hw = (λ + kδ)(h)w for each h ∈ h. (Recall that δ is zero onḣ ⊕ Cc and
Now consider the induced g-module given by
When V is an irreducible module in the category K L,a , then M(λ, V) is said to be a generalized loop module. When V is a ϕ-Verma module of L for some function ϕ : N → {±}, which has been extended to a module for P by setting g R V = 0, then M(λ, V) ∼ = M ϕ (λ), the ϕ-imaginary Verma module for g as in Section 3.2.
Proposition 5.2. Let λ ∈ h * and suppose that λ(c) = a = 0. Let V be an irreducible module in K L,a . Then
• M(λ, V) is a free U(g −R )-module of rank 1.
• supp M(λ, V) = β∈Q + {λ − β + nδ | n ∈ Z} whereQ + is as in Proposition 3.4.
• dim M(λ, V) µ = ∞ for any µ of the form µ = λ − β + kδ for some β = 0 and k ∈ Z.
• dim M(λ, V) µ < ∞ only if V is a ϕ-imaginary Verma module for some ϕ : N → {±}, ϕ(m) = ϕ(n) for all m, n ∈ N and µ = λ − (ϕ(m)m)δ for some m ∈ N ∪ {0}.
Irreducibility of generalized loop modules.
Let λ ∈ h * , λ(c) = a = 0, and assume V is a module in K L,a . Set
Now suppose x ∈ g β 1,1 −mδ is nonzero for some m ∈ Z, and observe that xv i = 0 for each i so that xw is as in (5.5). Since [x, z β 1,1 ,n 1,1 ] ∈ g (m+n 1,1 )δ , it is a linear combination of the x m+n 1,1 ,j . We assume that m has been chosen with |m| sufficiently large so that m + n 1,1 is distinct from all the k with y k,j occurring in some v i , and so that at least one of the x m+n 1,1 ,j equals y m+n 1,1 ,j . Since [x, u 1 ] has z p 1,t(1) β 1,t(1) ,n 1,t(1) · · · z p 1,2 β 1,2 ,n 1,2 z p 1,1 −1 β 1,1 ,n 1,1 [x, z β 1,1 ,n 1,1 ]v i = 0 appearing in it, we will have 0 = xw ∈ N. Because ht(β − β 1,1 ) < ht(β), we may apply induction to xw to find a nonzero element of N.
Lemma 5.3 immediately implies our main result about the structure of generalized loop modules.
Theorem 5.6. Let λ ∈ h * , λ(c) = a = 0, and assume V is an irreducible module in K L,a . Then M(λ, V) is an irreducible g-module.
As a consequence of this result, any irreducible module V from the category K L,a with a = 0 and any λ ∈ h * such that λ(c) = a will determine an irreducible module M(λ, V) for the affine Lie algebra g. Let V and W be irreducible modules from K L,a with a = 0, and suppose λ, µ ∈ h * with λ(c) = µ(c) = a. Then the modules M(λ, V) and M(µ, W) are isomorphic if and only if V and W are isomorphic as L-modules and λ = µ (up to a shift of gradation).
Corollary 5.7. Let λ ∈ h * , λ(c) = 0, ϕ : N → {±} any function, and letφ : J → {±} be as in Section 4.4. Then the ϕ-imaginary Verma module M ϕ (λ) and theφ-imaginary Verma module Mφ(λ) are irreducible.
Partial generalized loop modules.
Now we consider particular examples of generalized loop modules. Assume I ⊂ N and let ϕ : N \ I → {±} be any function. Set K I = Cc ⊕ k∈I g ±kδ and let
Then K := K I ⊕ K + ϕ is a parabolic subalgebra of L. Let N be an irreducible diagonal Zgraded module over the Heisenberg Lie algebra K I with nonzero level a. Extend the action to a module structure over K by setting K Let λ ∈ h * be such that λ(c) = a, and suppose that M(λ, V) is the generalized loop g-module associated with λ and V = V I,ϕ (N). Alternately, we can construct an induced module directly from N by first making N into a module for K ⊕ g R by having K + ϕ ⊕ g R be in the annihilator subalgebra of N. Then we can induce to a module U(g) ⊗ U(K⊕g R ) N for g.
Corollary 5.9. The g-module U(g) ⊗ U(K⊕g R ) N is isomorphic to M(λ, V) for V = V I,ϕ (N), and hence it is irreducible.
Proof. It is sufficient to note that V = U(L)N and to apply Theorem 5.6. (2010/50347-9) . The authors are grateful to the referee for many useful suggestions which led to the improvement of the paper.
